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ABSTRACT
The two-loop effective action for the SU(3) gauge model in a constant back-
ground field A¯0(x, t) = B
3
0T3+B
8
0T8 is recalculated for a gauge with an arbitrary
ξ-parameter. The gauge-invariant thermodynamical potential is found and its
extremum points are investigated. Within a two-loop order we find that the sta-
ble nontrivial vacuum is completely equivalent to the trivial one but when the
high order corrections being taken into account the indifferent equilibrium seems
to be broken. Briefly we also discuss the infrared peculiarities and their status
for the gauge models with a nonzero condensate.
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At present the great attention is paid to studying the W-condensation of the gauge
fields at a finite temperature. The properties of a new vacuum state which arises from the
gluon condensation have many interesting peculiarities and a number of models with finite
densities of external sources have been intensively studied by many authors (at first at zero
temperature [1] and then at a finite one [2,3,4]). But besides the induced condensation (which
was studied in the above mentioned papers) a nonzero condensate of gluomagnetic fields can
occur even without any external sources (as it was discussed in [5]) and this phenomenon
is necessary to take into account in solving many problems of a non-Abelian gauge theory.
Nevertheless, a possibility for the gauge fields condensate to arise spontaneously in the SU(N)
gauge models is not proved yet although this problem has been recently studied in many
papers [6,7,8]. Simultaneously the status of the infrared (IR) peculiarities for the modified
theory is also discussed and many authors believe that IR properties seem to change when the
nontrivial vacuum takes place. However, the gauge-invariant thermodynamical potential was
not found in papers [6,7] and therefore a number of predictions (in particular, the possibility
of such condensation) should be verified.
Below the SU(3) gauge model in a constant background field A¯0(x, t) = B
3
0T3 + B
8
0T8 is
studied. Here we use some results of paper [7] (and sometimes those of paper [8] for SU(2)
model) to find the gauge-invariant thermodynamical potential and its extremum points.
However if only a two-loop effective action is considered all the found minimums (including
a trivial one) are equivalent and the high order corrections should be taken into account to
build a nontrivial vacuum. A good candidate for such vacuum is presented within SU(2)
model but the problem still remains until the multi-loop effective action for this model is
calculated. These multi-loop corrections are also important when IR peculiarities and their
status are determined for the theory with a nonzero condensate. Although within a two-loop
order we find that all essential IR peculiarities reproduce themselves it does not exclude a
possibility that the exact IR scenario will be completely different from the standard one with
a trivial vacuum.
Our formalism is built by using the standard Green function technique at T 6= 0 in the
background gauge with an arbitrary parameter ξ. The effective action W (A¯0) is defined as
a functional integral in periodic fields
exp[−W (A¯0)V/T ] = (1)
= N
∫
DQDCDC¯ exp

−
β∫
0
dτ
∫
d3x(LA + Lg.f. + Lg.h. −Q · J)


where N is a temperature independent normalization factor (here β = 1/T ), V is a space
volume; Qµ, C and C¯ are the
quantum gauge fields and ghosts, respectively; and J is an external source. The gauge
field Lagrangian has the usual form
LA + Lg.f. = 1
4
(Gaµν)
2 +
1
2ξ
[(D¯µAµ)a]2, (2)
but the gauge fields Aaµ are decomposed in the quantum partQ
a
µ and the classical constant one
A¯aµ (here A
a
µ = Q
a
µ+ A¯
a
µ). In Eq.(2) the covariant derivative is D¯abµ = ∂µδab+gfacbA¯cµ and the
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gauge field strength tensor is determined as follows Gaµν = (D¯µQν)a− (D¯νQµ)a+ gfabcQbµQcν .
The ghost Lagrangian is built according to the standard rules
Lg.h. = −C¯D¯µDµC (3)
where all ghost fields although have the Fermi commutation relations but at T 6= 0 they
are quantized as Bose fields with the aid of the even frequencies (ωn = 2pin/β) [9]. The
essential advantage of the background gauge is that only one Z-factor is necessary for its
renormalization and many exact results are proved much easier within this technique. How-
ever,the essential attribute of this gauge is a special prescription of using background fields
and for many cases to build the correct sequence of calculations (which provides a gauge
invariance explicitly) is a rather nontrivial task. Today this prescription is known only for
T = 0 case (see e.g. [10] and other papers within it) but for the typical T 6= 0 perturbative
calculations the appropriate ansatz is not evident and gauge invariance needs checking step
by step. To solve this problem (when the thermodynamical potential is calculated perturba-
tively) a rather simple ansatz has been recently used (at first in [11] and then in [4] for the
non-Abelian case) and being model-independent this prescription presents a reliable way of
treating the different gauge models. Here this scenario is reproduced to determine the two-
loop thermodynamical potential after the effective action found in [7] has been recalculated
for eliminating the noticed misprints.
The perturbative graphs (despite the nonzero external fields) have the standard form
where instead of the background fields it is convenient to use the following scalar variables
x =
gB30
piT
, y =
gB80
piT
(4)
Each time the background fields are taken into account exactly and after all calculations being
performed these fields should be eliminated selfconsistently to obtain the gauge-invariant
result. Our calculations follow those from paper [7] which should be repeated since for the
gauge with an arbitrary ξ-parameter these results are checked nowhere.
The one-loop effective action for the SU(3)-model has the standard form
W (1)(x, y)/T 4 =
4pi2
3
{
B4(0) +B4(
x
2
) +B4[
1
4
(x+
√
3y)] +B4[
1
4
(x−
√
3y)]
}
(5)
and represents the independent contributions of eight gauge fields after some kind of diag-
onalization. The two-loop action is more complicated and after our corrections being made
it is found as follows
W (2)(x, y)/T 4 =
=
g2
2
{
B22(
x
2
) +B22(
v
2
) +B22(
u
2
) + 2B2(0)[B2(
x
2
) +B2(
v
2
) +B2(
u
2
)]+
+ B2(
v
2
)B2(
u
2
) +B2(
x
2
)[B2(
v
2
) +B2(
u
2
)]
}
+ (6)
+
g2
3
(1− ξ)
{
2B1(
x
2
)[B3(
x
2
) +
1
2
(B3(
v
2
) +B3(
u
2
))] + 2B1(
v
2
)[B3(
v
2
)+
+
1
2
(B3(
x
2
)− B3(u
2
))] + 2B1(
u
2
)[B3(
u
2
) +
1
2
(B3(
x
2
)− B3(v
2
))]
}
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where some signs and coefficients of the terms depended on a gauge parameter ξ are different
from the paper [7]. Here we omitted our calculations (their details one can find in papers [6,7])
since they have not any new elements besides the pointed above changes which however are
very essential for what follows. In the formulae (5) and (6) Bn(z) are the standard Bernoulli
polynomials and the new variables are v = 1
2
(x+
√
3y) and u = 1
2
(x−√3y).
Our next result is to present (and then to use) ansatz (earlier checked in papers [4,11])
that gives an opportunity to build step by step within perturbative calculations the gauge-
independent thermodynamical potential if the effective action is known. For building this
potential within a chosen approximation (i.e. for minimizing the known effective action) we
must exploit the specially found extremum equations which result from the effective action
calculated on the previous stage (but not the same one) since the location of extremum
points is a gauge-dependent quantity itself. Here this means that for calculating the thermo-
dynamical potential of order g2 one should use the one-loop effective action for defining the
necessary extremum points and then substitute the solutions obtained within these equations
in W (2)(x, y). Using Eq.(5) these equations are found to be
B3(
x¯
2
) +
1
2
[B3(
v¯
2
) +B3(
u¯
2
)] = 0
B3(
v¯
2
)− B3( u¯
2
) = 0 (7)
and after they being used all terms in Eq.(6) which are proportional to ξ cancel each other.
We believe that such cancelation will take place step by step although each time the ex-
tremum points will change. Only when these points are substituted in Eqs.(5) and (6) the
arisen expression has a physical meaning and presents the gauge-independent thermodynam-
ical potential of the model studied.
Within Eq.(7) there are six different solutions (those with y¯ = ±x¯/√3 are the same) but
only two are not trivial
y¯ = ±x¯/
√
3 , x¯ = 1, 2 (8)
For these points the thermodynamical potential has the form
Ω/T 4 =
8pi2
3
[B4(0) +B4(
x¯
2
)] +
3g2
2
[B2(0) +B2(
x¯
2
)]2 (9)
and one can check that its minimum (if g2 < pi2 ) takes place only when x = 2
Ω/T 4 = −8pi
2
3
1
15
+
3g2
2
(
1
3
)2 (10)
Unfortunately the found potential is the same as one for the trivial case x, y = 0 and
this fact means that the scenario with x, y 6= 0 is not reliable. For g2 > 2pi2 another
nontrivial solution (with y = ±x/√3 and x = 1 ) is preferable but for this case the two-loop
thermodynamical potential should be recalculated since the high orders corrections can be
essential. Moreover within a two-loop approximation (see Eqs.(5),(6) and (7) ) all solutions
with x = 0, (
√
3/2)/y = 1, 2 are completely identical those with y = ±x/√3, x = 1, 2 and
this fact also decreases our chance of building the real picture within calculations made.
When the high order corrections being taken into account the indifferent equilibrium
seems to be broken but for solving this question finally the exact three-loop effective action
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(that is better than the nonperturbative one) should be calculated. Of course, these calcu-
lations are very complicated and they are likely to be possible only for the constant external
field ,for example, within SU(2) model [8] where any algebra is easily performed and the
found effective action (including the two-loop graphs) has a rather simple form
W (x)/T 4 =
2
3
pi2[B4(0) + 2B4(
x
2
)] +
g2
2
[B22(
x
2
) + 2B2(
x
2
)B2(0)]
+
2
3
g2(1− ξ)B3(x
2
)B1(
x
2
) (11)
The three-loop effective action W (3)(x) will undoubtly display a very nontrivial depen-
dency from the gauge parameter ξ but this action should be considered together with its
own (in this case two-loop) extremum equations which are necessary to cancel all the ξ
- dependent terms and to transform the studied action into the gauge-invariant quantity.
The equation for determining the new extremum points is found within Eq.(11) and we can
rewrite it as follows
B3(
x¯
2
) +
3g2
8pi2
B1(
x¯
2
)[B2(
x¯
2
) +B2(0)]
+
g2
8pi2
(1− ξ)[3B2( x¯
2
)B1(
x¯
2
) +B3(
x¯
2
)] = 0 (12)
where the ξ-dependent terms appear explicitly as it should be in a more complicated (real)
case. Within Eq.(12) besides the previously known points (x¯1 = 0 and x¯1 = 1) the new
solution arises
x¯3 = 1±

1−
g2
2pi2
[1 + (1− ξ)/2]
1 + 3g
2
8pi2
[1 + 4
3
(1− ξ)]


1/2
(13)
which is a good candidate for a nontrivial vacuum although the problem remains to prove
that the solution (13) is correspond to the minimum (or better the absolute one) of the
thermodynemical potential to come.
The status of the standard infrared (IR) divergencies (e.g.see the review [12]) and espe-
cially the main IR ones of the transversal part of Πµν for the gauge models with a nonzero
A0-condensate is not finally defined either and the additional analysis is necessary. All
approximations studied above are very trivial for solving this question while the more com-
plicated calculations (which could change the situation) are not made yet. However it is
known [13] that the standard polarization tensor for SU(N) models changes its form when
the constant electric field is applied
Πij(p, pˆ4) =
= [δij − pipj
p2
]A(p, pˆ4) +
pipj
p2
pˆ24
p2
[Π44(p, pˆ4)− 2ig2ρ/pˆ4],
Πi4(p, pˆ4) = −pipˆ4
p2
[Π44(p, pˆ4)− 2ig2ρ/pˆ4] (14)
and this form demonstrates that the new tensor structures are generated by external fields
(the polarization tensor is not transversal if externel ρ 6= 0) and all scalar functions only
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depend on the shifted momenta pˆ4 = p4+ A¯0. If A¯0 points are not trivial (e.g. as in Eq.(13))
there is a chance of softening IR peculiarities since the condition pˆ4 = 0 is not fulfilled when
the summation on frequencies being performed. But within a two-loop approximation all
stationary solutions for A¯0 are proportional 2piT (as well as p4) and IR divergencies remain
the same although their source is shifted (now all IR divergencies arise when pˆ4 = 0 but not
p4 = 0 as earlier). Within multi-loop calculations IR status of the transversal part Πµν is
not so evident especially if a gauge invariance of the thermodynamical potential results from
the made calculations and a found solution for A¯0 realizes the minimum (but not simply the
extremum) of the investigated potential. Moreover all the discussed IR limits will essentially
depend on the gauge fixed (the signal is a deformation of A¯0-point in Eq.(13) when the
ξ-parameter changes) and the appropriate choice of the gauge parameter ξ is necessary to
solve the problems stated. Of course, IR limit of the longitudinal part Πµν changes but all
essential IR divergencies of any gauge theory arise within its transversal sector where the
external magnetic field (see e.g. review [14]) rather than electric one is a more effective
instrument for eliminating IR instability.
In conclusion we repeat once more that the perturbative effective action being put on
the extremum points (that is the thermodynamical potential) does not depend on the gauge
fixing parameter only if the special ansatz is used for determining these points which location
is a gauge-dependent quantity. At the same time the structure of the nontrivial vacuum
that results from the sponteneously arisen condensate is not defined yet and the case of the
indifferent equilibrium or metastable one is not excluded. However, the calculations made
are not enough to reply on this problem and their prolongation is very actual. Here we
hope that the exactly found three-loop effective action rather than the nonperturbative one
(e.g.see [15]) will be more useful for solving all questions stated since the gauge invariance
within exact calculations provides the reliable test for the results found.
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